Further extensions of these results to non-homogeneous operators and general representations are also given.
Introduction
A differential operator H on a homogeneous group G is defined to be a Rockland operator if it is right-invariant, homogeneous and injective in each nontrivial irreducible unitary representation. If H is positive on L 2 ( G; dg) then it generates a holomorphic semigroup with a kernel and recently Dziubanski [Dzi] proved that the kernel, together with its derivatives, decreases exponentially on the right half-plane. Dziubanski also raised the question whether one could establish stronger decrease properties than exponential. Stronger bounds have been derived by Hebisch [Heb] for Rockland operators which are sums of even powers and in fact Hebisch showed that the kernel, and its derivatives, satisfy 'Gaussian' bounds on the positive real line. The aim of this paper is to show that the kernel of the semigroup generated by a general positive Rockland operator has 'Gaussian' bounds on the right half-plane. Similar bounds are also established for the derivatives.
The theory of Rockland operators began with Rockland's analysis of differential operators on the Heisenberg group [Roc] . Helffer and Nourrigat [HeNl] proved that a Rockland operator on a graded group is hypoelliptic and in addition they derived several inequalities between the norm on the en spaces and the operator norm. Then Miller [Mil] showed that one can replace a graded group by a homogeneous group in the Helffer-Nourrigat theorem. Subsequently, Folland and Stein [FoS] used the proof of an earlier theorem of Nelson and Stinespring [NeS] to deduce that a positive Rockland operator is essentially self-adjoint on the space C~(G). Moreover, they established that the closure generates a continuous semigroup with a kernel which is in the Schwartz space over the group. Dziubanski [Dzi] then extended their result and showed that on the right half-plane one has an exponential decay for the kernel and all its derivatives. Our results give more precise 'Gaussian' bounds, more detailed analyticity properties of the semigroup and stronger regularity properties of the Rockland operators. Consequently, we are able to extend many of the previous results to non-homogeneous operators and to general representations of the group.
Throughout the sequel we adopt the general notation of [Rob] . Let G be a (connected, simply connected) homogeneous group with Lie algebra 9 and let (X, G, U) denote a strongly continuous, or weakly·, continuous representation of G on the Banach space X by bounded operators g 1-+ U(g). If ai E 9 then A(= dU(ai)) will denote the generator of the one-parameter subgroup t 1-+ U( etai ) of the representation. Let (-Yt)t>o be a family of dilations on g, i.e., a one-parameter group of automorphisms of the form for some basis a}, . .• , ad of 9 and some positive numbers WI, . .. , Wd, which we call weights.
We always assume that the smallest weight is at least one. Let D = L::1=I Wi be the homogeneous dimension of G. For the multi-indices we introduce the following notation. We write Co = C(a). The principal part P of C is the form
The formal adjoint ct of C is the function ct: J(d)~C defined by where a* = (in, ... , i 1 ) if a = (it, ... , in) . We consider the operators The group G can be equipped with two distances. The first is the Euclidean modulus I. I, as defined in (Rob], page 256. In addition it has a homogeneous modulus I. I', which also induces a right invariant metric on G by d'(g; h) = Igh-II' (see [HeS] ). The balls with radius s are denoted by B s and B~.
The main theorem of this paper is the following. 
III.
The semigroup S has a representation independent kernel K in LI;oo(G; dg )nCo;oo (G) such that
for all 9 E G and z E A(1r/2 -c) = {z E C\{O} : Iarg zl < 1r/2 -C}.
The outline of this paper is as follows. First we prove the theorem on L 2 and then we lift the result to a general representation by a transference argument. The L 2 proof is based on the examination of high powers ()..I +Ht n of the resolvent of H. Using Davies' method we obtain bounds on the kernels of these operators and then convert these to Gaussian bounds on the kernel of the semigroup by Cauchy integral techniques. The key point is that powers of the resolvent have improved regularity and boundedness properties.
The technique of using powers of the resolvent to improve regularity was implicit in the iterative argument of Nirenberg [Nil'] and was used explicitly by Nelson and Stinespring [NeS] . It also occurs in a slightly different context in Agmon's work, [Agm] pages 250-260.
Positive Rockland operators on L 2
Let P be a positive Rockland form of order m and H = dL(P) the associated positive Rockland operator on L 2 • In this section we prepare for the proof of Theorem 1.1 by establishing analogous results for the left regular representation L on L 2 ( G ; dg). Proposition 2.1 Let H be a positive Rockland operator which is homogeneous of degree m.
I.
The operator H is self-adjoint. It follows by scaling that there exists a c > 0 such that 4 for all 'P E C;:C(G) and e > 0, if lIall < nm. In particular, for all k < nm one has the estimates and in addition for all 'P E C;:C(G). This proves Statements IV, V and the last part of II by closure and density.
II. For all n E N one has D( Hn)
=
0
Our aim is to bound the semigroup kernel associated with H. To this end we adopt the tactic of [AMT] . First, we obtain appropriate bounds on the kernel of a large power of the resolvent kernel where the power is large relative to the largest weight r. Secondly, we derive the semigroup estimates from the resolvent estimates by a Cauchy contour integration technique.
Note that with the choice of l' one has the continuous embedding L~'kr~L2jk for each , kE N. where f R is the contour in the complex plane formed by connecting the two line segments LR,± = {A E C : arg A = ±(7r -6/2), IAI~R!zl-l} and the arc A R = {A E C : arg A E [-7r +6/2, 7r -6/2]' IAI = Rlzl-1 }. We will deduce below, from the bounds of Proposition 2.2, that the semigroup kernel K exists,
J rR
and z~Kz(g) is analytic for all 9 E G. Thirdly, the line segments LR,± in f R both give contributions which can be bounded by Therefore one concludes that
BiL)(g)
for some a, b > 0, uniformly for all z E A( 11" /2 -c:) with Izi = 1 and all 9 E G with Igl' sufficiently large. But we have already established that IC is uniformly bounded if Izi = 1. Therefore the foregoing bounds extend to all 9 E G, and z E A(11" /2 -c:) with Izl = 1, by increasing the value of a. Finally, since H is homogeneous one obtains the bounds
for all Z E A( 11" /2 -c:) and all 9 E G by scaling.
It now follows straightforwardly that /{ is indeed the kernel of S. for all Z E A(11" /2 -c:) and all 9 E G. 
Miscellani
In this section we extend the foregoing results to general positive Rockland operators as defined in the introduction and to general continuous representations. In particular we complete the proof of Theorem 1.1. Subsequently, we examine properties of Rockland operators which are special to unitary representations or to translations on the Lp-spaces.
Lower order terms
In the previous section we derived Gaussian bounds for the kernel of the semigroup generated by H on L 2 under the assumption that H is homogeneous. Next we use perturbation theory to remove this homogeneity hypothesis. 
for all z E A(1r/2 -c) and all 9 E G.
If J(t is the kernel of the semigroup generated by the dual operator Ht then J(l (g) = J(t(g-I) for all 9 E G.
Proof Again we use H o to denote the principal part of H and HI the lower order terms. Since H o is positive self-adjoint and HI is relatively bounded by H o with relative bound zero it follows from standard perturbation theory that H generates a continuous semigroup Son L 2 • Moreover, it follows from the perturbation theory of holomorphic semigroups that S is holomorphic in the open right half-plane. The n = 0 estimates are valid for all a and by splitting the convolution integral into two parts one obtains an alternative recursion relation which is well defined and can be used to estimate the higher derivatives. This second relation has the form
In the first integral the extra singularity (t -s t ll D'll/ m introduced by the derivatives plays no role because s :::; t/2. In the second integral the term AD' L(k)](~O) will have a nonintegrable singularity at s = 0 but this will not cause any difficulty because it is excluded from the region of integration. Nevertheless, it is important for the form of the final bounds that the singularity of this second term is of the correct order. But this follows because 
IJ

General representations
In the previous subsection we proved that if the principal part P of the form C is a positive Rockland form then the operator dL( C) associated with the left regular representation L of G in L 2 generates a holomorphic semigroup with a kernel which, together with all its derivatives, satisfies Gaussian bounds. Now let (X, G, U) be a strongly, or weakly*, continuous representation of G. Let H = dU(C) and let K be the kernel of the semigroup generated by dL( C). We shall show that H generates a continuous semigroup S which is holomorphic in the open right half-plane and which has K as kernel. The idea of the proof is to use the kernel K to define a semigroup on X and then show that the generator is H.
First we show that (I(t)t>o is a bounded approximation of the identity. 
II.
For all n E N one has D( Hn) = L~;nm with equivalent norms.
Proof The proof is precisely the same as that for subcoercive operators in [BER] . It is based on a Lie group version of the usual weak LI-estimates of singular integration theory combined with the regularity properties already obtained for L 2 together with duality and interpolation arguments. 
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